Abstract. In this paper, we will consider the generating operator x = a + b + a −1 + b −1 of the free group factor L(F 2 ), where F 2 = < a, b > is the free group with two generators a and b. Let K = < h > be the commutator group of a and b with one generator h = aba −1 b −1 . Then we can construct the group von Neumann algebra L(K) and the conditional expectation E :
In this paper, by using so-called the recurrence diagram found in [13] and [14] , we will compute the trivial operator-valued moment series of the genarating operator G of the free group factor L(F 2 ), defined by
over the group von Neumann algebra L(K), where F 2 = < a, b > and K = < aba −1 b −1 > is the commutator group of a and b in F 2 . i.e,
Throughout this paper, we will fix a and b as the generators of the free group F 2 and we will also fix h = aba −1 b −1 as the generator of the group K which is group isomorphic to the integers Z. Notice that the commutator group K is a subgroup of F 2 and hence the group von Neumann algebra L(K) is a W * -subalgebra of the free group factor L(F 2 ). Let x be an operator in L(F 2 ). Then there exists the Fourier expansion of x, x = g∈F2 α g u g , with α g ∈ C, for all g ∈ F 2 .
We can regard all g ∈ F 2 as unitaries u g in L(F 2 ). For the convenience, we will denote these unitaries u g just by g. With this notation, it is easy to check that
where g −1 is the group inverse of g in F 2 . We can define the conditional expectation E :
Then we have the W * -probability space (L(F 2 ), E) with amalgamation over L(K). Let G be the generating operator, which is also said to be the radial operator of F 2 , a + b + a
Now, let B ⊂ A be von Neumann algebras and assume that there is a conditional expectation F : A → B. Then the algebraic pair (A, F ) is called the W * -probability space with amalgamation over B (in short, the W * -probability space over B). We say that each element a of (A, F ) is a B-valued (or operator-valued) random variable. Voiculescu defined the n-th B-valued (or operator-valued) moment of the B-valued random variable a by
where b 1 , ..., b n ∈ B are arbitrary. (Recall that, in [1] , Speicher defined the nth moment of a ∈ (A, F ) by F (ab 2 a...b n a) , for arbitrary b 2 , ..., b n ∈ B) Different from the scalar-valued case when B = C, since B and A are not cummutative, in general, we have to consider the case when b 1 , ..., b n are not 1 B = 1 A . When b 1 = ... = b n = 1 B , we say that the n-th B-valued moment of a is the trivial n-th B-valued moment of a. However, if B and A are commutative (in other words, if B = C A (B)), then the trivial moment F (a n ) contains the full free probability data for the B-valued moments, since
Remark that, in our case, L(K) and L(F 2 ) are not commutative, because, for instance,
In this paper, we will concentrate on computing the trivial L(K)-valued moments of the generating operator
. As we mentioned in the previous paragraph, since L(K) and L(F 2 ) are not commutative, these trivial operator-valued moments of G do not contain the complete free probability data of G. But the computation, itself, provides the way how to compute the operatorvalued moments of G.
It is easy to see that the first, second and third trivial L(K)-moments of G vanish. i.e,
since G k does not contain the h n -term, for k = 1, 2, 3 and for n ∈ Z, where
However, fourth trivial L(K)-moment E(G 4 ) of G contains the h-term and the h −1 -term. So, finding the trivial L(K)-moments of G is to find the h k -terms of G n , for all k ∈ Z and n ∈ N.
The following recurrence diagram will play a key role to find such trivial operatorvalued moment series of the generating operator G of L(F 2 ) ; In this paper, we obtain good applications about the above recurrence diagram. We will re-compute the moment series of the generating operators of the free group factor L(F N ), for all N ∈ N, by using the above recurrence diagram. This would be the one application of this recurrence diagram (See Chapter 1). When N = 2, we can apply this recurrence diagram to compute the trivial operator-valued moment series of the generating operator of L(F 2 ) (See Chapter 2). Remark that to study (scalar-valued or operator-valued) moment series of elements in an operator algebra is to study (scalar-valued or operator-valued) free distributions of elements in that operator algebra. So, the computations in this paper about generating operators contain the free probability information about free distribution of those generating operators. And the free probability information is determined by the above recurrence diagram.
In Chapter 1, we will re-compute the (scalar-valued) moment series of the generating operator of L(F N ), by using the recurence diagram found in [13] and [14] . The moment series of the generating operator of L(F N ) is already known, but here we will compute it again, by using the above recurrence diagram. In Chapter 2, by using the reccurence diagram when N = 2, we will compute the trivial operatorvalued moment series of the generating operator
. Remark that the moment series in Chapter 1 is a scalar-valued moment series and the trivial operator-valued moment series in Chapter 2 is a operator-valued (operator-valued) moment series.
Moment Series of the Generating Operator of L(F N )
Let A be a von Neumann algebra and let τ : A → C be the normalized faithful trace. Then we call the algebraic pair (A, τ ), the W * -probability space and we call elements in (A, τ ), random variables. Define the collection Θ s , consists of all formal series without the constant terms in noncommutative indeterminants z 1 , ..., z s (s ∈ N). Then we can regard the moment series of random variables as elements of Θ s .
* -probability space with its normalized faithful trace τ and let a ∈ (A, τ ) be a random variale. The moment series of a is defined by the formal series in Θ 1 ,
The coefficients τ (a n ) are called the n-th moments of a, for all n ∈ N.
Let H be a group and let L(H) be a group von Neumann algebra. i.e,
Precisely, we can regard L(H) as a weak-closure of the group algebra generated by H and hence
It is well known that L(H) is a factor if and only if the given group H is icc. (Since the free group F N with N -generators is icc, the von Neumann group algebra L(F N ) is a factor and it is called the free group factor.)
where e H is the identity of the group H. It is easy to check that the trace τ is normalized and faithful. So, the algebraic pair (L(H), τ ) is a W * -pobability space. Assume that the group H has its generators {g j : j ∈ I}. We say that the operator
the generating operator of L(H). For instance, if we have a free group F N = < g 1 , ..., g N >, then the generating operator of the free group factor L(F N ) is
Rest of this chapter, we will consider the moment series of the generating operator G of L(F N ).
From now, fix n ∈ N. And we will denote free group factor L(F N ) by A. i.e
Recall that there is the canonical trace τ : A → C defined by
where e ∈ F N is the identity of
It is well-known that if we denote the sum of all words with length n in {g 1 , g
then the following two recurrence relations (1.1) and (1.2) hold true, whenever N ≥ 2 ;
(See [15] ). In our case, we can regard our generating operator G as X 1 in A, by the very definition of G.
By using the relation (1.1) and (1.2), we can express G n in terms of X k 's ; For example, G = X 1 ,
So, we can find a recurrence relation to get G n (n ∈ N) with respect to X k 's (k ≤ n). Inductively, G 2k−1 and G 2k have their representations in terms of X j 's as follows ; (1) Let 
Let 
Then, by the previous proposition, we have that Similarly, by the previous proposition, Therefore, combining all information,
We have the following diagram with arrows which mean that Notation From now, we will call the above diagram the recurrence diagram for N.
For examplet, when N = 2, we can compute p By the recurrence diagram for N , we can get that ; Theorem 1.2. Let G ∈ (A, τ ) be the generating operator. Then the moment series of G is
Proof. Assume that n is odd. Then
So, G n does not contain the e-terms. Therefore,
Assume that n is even. Then
So, we have that
Remark that the n-th moments of the generating operator in (A, τ ) is totally depending on the recurrence diagram for N .
The moments of the generating operator G of A = L(F N ) is well-know. But the above theorem provides the method how to get the moments of generating operator G by using the recurrence diagram.
Recall that Nica and Speicher defined the even random variable in a * -probability space. Let (B, τ 0 ) be a * -probability space, where τ 0 : B → C is a linear functional satisfying that τ 0 (b * ) = τ 0 (b), for all b ∈ B, and let b ∈ (B, τ 0 ) be a random variable. We say that the random variable b ∈ (B, τ 0 ) is even if it is self-adjoint and it satisfies the following moment relation ; τ 0 (b n ) = 0, whenever n is odd.
By the previous theorm, the generating operator G of A = L(F N ) is an even element (for all N ∈ N). Corollary 1.3. Let G ∈ (A, τ ) be the generating operator. Then G is even in (A, τ ) .
Also, by the previous theorem, we can recompute the well-known moment series of the generating operator G of L(F N ) ; Corollary 1.4. Let G ∈ (A, τ ) be the generating operator. Then the operator G has its moment series,
where p 2n 0 are the given numbers in the recurrence diagram.
Operator-valued Moment Series of the Generating Operator of L(F 2 )
Let M 0 ⊂ M be von Neumann algebras with 1 M0 = 1 M and let ϕ : M → M 0 be the conditional expectation. i.e, the surjective bimodule map ϕ satisfies that
Then the algebraic pair (M, ϕ) is a W * -probability space with amalgamation over M 0 (See [1] ). If m ∈ (M, ϕ), then we will call m an operator-valued or (M 0 -valued) random variable. Definition 2.1. Let (M, ϕ) be a W * -probability space over M 0 and let m ∈ (M, ϕ) be a M 0 -valued random variable. Define the n-th operator-valued moment of m by E ((m 1 m)(m 2 m)...(m n m) ) , for all n ∈ N, where m 1 , ..., m n ∈ M 0 are arbitrary. When m 1 = ... = m n = 1 M0 , for all n ∈ N, we say that the n-th operator-valued moments of m are trivial. i.e, the n-th trivial M 0 -valued moments of m ∈ (M, ϕ) are E(m n ), for all n ∈ N. We will say that the operator-valued formal series
is the trivial M 0 -valued moment series of m ∈ (M, ϕ), where z is the indeterminent.
In this chapter, by using the recurrence diagram for N = 2, we will compute the trivial operator-valued moment series of the given generating operator
over the commutator-group von Neumann algebra L(K), where F 2 = < a, b > is a free group and K = < h = aba −1 b −1 > is the commutator group of a and b.
First, we will define the conditional expectation E :
Then we can construct the W * -probability space (L(F 2 ), E) over its W * -subalgebra L(K). Notice that to find the conditional expectational value of the operator-valued random variable x ∈ (L(F 2 ), E) is to find the h k -terms of the operator-valued random variables x, for k ∈ Z, where
First, let us provide the recurrence diagram for N = 2 ; (1) and (2) ;
(1) If Note that h and h −1 are words with their length 4. Therefore, X 4k contains h k -terms and h −k -terms, for all k ∈ N ∪ {0} ! Thus we can compute the trivial operator-valued moments of the operator G as follows ;
where p 4 0 = 28.
(3) If 4 ∤ 2k, in the sense that 2k is not a multiple by 4, then
where
Proof.
(1) Suppose that k is odd. Then G k does not have the words with length 4p, for some p ∈ N, by the recurrence diagram for N = 2, since G k does not have the X 4n -terms, for n ∈ N, 4n < k. This shows that there's no h n -terms and h −n -terms in G k , where n is previousely given such that 2n < k. Therefore, all odd trivial operator-valued moments of G vanish.
(2) By the straightforward computation using the recurrence diagram, we have that
Since h p and h −p terms are in X 4p , for any p ∈ N ∪ {0}, the formular (2.2) is (2.3) since X 2k−2 , X 2k−6 , ..., X 4 contain h p -terms and h −p -terms, for p ∈ N ∪ {0}.
By the previous trivial operator-valued moments of the generating operator G of L(F 2 ), we have the following result ; Corollary 2.2. Let (L(F 2 ), E) be the W * -probability spcae over L(K) and let G ∈ (L(F 2 ), E) be the generating operator of L(F 2 ). Then the trivial operator-valued moment series of G is Remark 2.1. Suppose we have the free group factor L(F N ), where N ∈ N. Then we can extend the above result for the general N. i.e, we can take F N = < g 1 , ..., g N > and K = < h >, where
By defining the canonical conditional expectation E : L(F N ) → L(K), we can construct the W * -probability space with amalgamation over L(K). Similar to the case when N = 2, by using the recurrence diagram for N, we can compute the trivial operator-valued moments of the generating operator When N = 2, to find the trivial operator-valued moments of G 2 is to find the h k -terms of G n 2 , for k ∈ Z, n ∈ N. But in the general case, to find the trivial operator-valued moments of G N is to find the k p -terms of G q N , for p ∈ Z, q ∈ N. So, we have to choose the X (2N )p -terms, for all p ∈ N, containing k ±p -terms !
